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The metric describing a given finite sector of a four-dimensional asymptotically anti-de Sitter 
wormhole can be transformed into the metric of the time constant sections of a Tangherlini black 
hole in a five-dimensional anti-de Sitter spacetime when one allows light cones to tip over on the 
hypersurfaces according to the conservation laws of an one-kink. The resulting kinked metric can be 
maximally extended, giving then rise to an instantonic structure on the euclidean continuation of 
qq"i both the Tangherhni time and the radial coordinate. In the semiclassical regime, this kink is related 

' to the existence of closed timelike curves. 

a^ : 

^ ■ I. INTRODUCTION 

, The choice of the boundary conditions for the quantum state of the universe should be carried out on just the 

■ two natural possibilitics which exist for positive dcfinite metrics; i.e.: compact metrics or noncompact metrics which 
] are asymptotic to metrics of maximal symmetry. Choosing either only compact metrics to avoid^ any boundary for 

T-H . the quantum state of the universe, or noncompact metrics which are disconnected, consist of a compact part with 
^ ' physical boundary at a given hypersurface and an asymptoticaUy euchdean or anti-de Sitter part without any inner 
boundary, and dominate on any noncompact connected metric^'^, does not make much difference for the resuhing state 
amphtude. For practical purposes, instead of compact metrics^, one could likewise take noncompact disconnected 
metrics for the quantum state of the universe. Therefore, metrics which are asymptotically euclidean or anti-de Sitter 
' may also contributc the path integral describing the state of the universe. Clearly, when such metrics are endowed 
QQ ' with a given nonzero boundary which behaves as a microscopic bridge between two asymptotic, large regions, these 
On metrics would represent contributions from wormholes to the quantum state of the universe. 

Wormholes whose maximally-symmetric asymptotic metrics are flat space have already been extensively considered^. 
They come about as solutions of the euclidean Einstein equations for gravity coupled to special kinds of matter fields^ . 

■ Contributing connections bridging maximally-symmetric anti-de Sitter asymptotic metrics were first studicd in Refs. 
(2jr) 6 and 7 for the case of a massless, scalar field which conformally couples to gravity. 

Wormhole kinks^ can be regarded as topologically admissible generalizations of euclidean wormholes, allowing for a 
\ connection between topology changes and black holes^. Whereas asymptotically euclidean wormholes and their kinky 

■ extensions^ have also been studied in terms of spherically symmetric coordinates in spacetimes that show an apparent 
?-H ' singular! ty at the throat radius^, the corresponding spherically symmetric representation and kinky extension of 

wormholes which are asymptotically anti-de Sitter have not hitherto been considered. Since these wormholes have 
vanishing action (as it can be seen^ by addition of suitable surface terms and gauge fixing) one should expect that 
they would also naturally contribute the probability amplitude for the universe. 

The present work aims at bringing such a study to completion by regarding the wormhole metric as a constant- 
time section of a five-dimensional black hole in anti-de Sitter space, and discussing the possible implications that the 
existence of asymptotically anti-de Sitter wormhole kinks may have in the presence of closed timelike curves. 

Let us first briefly review the general topological concept of a kink and its associated topological charge. Let 
{JsÆ^Qab) be a given D-dimensional spacetime, with gab a Lorentz metric on it. One can always regard gab as a map 
from any connected D-1 submanifold S C M into a set of timelike directions in M Metric homotopy can then be 
classified by the degree of this map. This is seen by introducing a unit line field {n, — n}, normal to S, and a global 
framing uc i=l,2,...,D-l, of S. A timelike vector v can then be written in terms of the resulting tetrad framing (n, Ui) 
as v — v'^n + v^Ui, such that '^f^^{v^)'^ = 1- Restricting to time orientable manifolds M, v then determines a map 

K -.Y.^ S°-^ 

by assigning to each point of E the direction that v points to at that point. This mapping allows a general definition 
of kink and kink number. Respect to hypersurface S, the kink number (or topological charge) of the Lorentz metric 
gab is defined by^° 
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kink(S;5ab) = deg{K), 
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so this topological charge measures how many times the hght cones rotate all the way around as one moves along 
S. 

In the case of an asymptotically flat spacetime the pair (S, g) will describe an asymptotically flat kink if kink(E; g) ^ 

0. All of the topological charge of the kink in the metric g is in this case confined to some finite compact region-'^'^. 
Outside that region all hypersurfaces S are everywhere spacelike. Topology changes, such as handles or wormholes, 
can occur in the compact region supporting the kink, but not outside it. All topologies are actually allowed to happen 
in such a region. Therefore, in the case of spherically symmetric kinks, the supporting region should be viewed as an 
essentially quantum-spacetime construct. This is the view we shall assume throughout this paper. 

Imposing to the wormhole spaco the invariance properties of an one-kink would induce a change in the geometrical 
structure of the wormhole that resulted in a bridge with smaller cross-sectional area at the neck^. When visualized 
as a constant-time section of a five-dimensional black hole in anti-de Sitter space, one would moreover expect the 
wormhole metric to correspond to some four-dimensional Einstein-Rosen bridgc^^ in anti-de Sitter space. This space 
has two problems. First, on the maximal analytical extension of its metric, one of the two wormhole halves must 
necessarily be described in the nonphysical exterior region^^, and secondly, this wormhole should inexorably pinch 
off at the neck, just as it happcns in the thrce-dimcnsional Einstein-Rosen bridgc-'^^'-'^^. Thcse difficulties would no 
longer be expected to occur in the corresponding kinkcd wormhole. Sincc the kink number must bc conserved, the 
wormhole ought to be described in two distinct coordinate patches only identified at a given common surface inside 
the compact region supporting the kink, with a black hole living in each patch. This Identification would occur both 
on the physical and nonphysical regions of the maximal analytical extension, separately, and would represent a bridge 
which could not pinch off. 

The paper is organized as follows. In Sec. II we deal with the metric of asymptotically anti-de Sitter wormholes in 
terms of spherically symmetric coordinates and avoid its singularity at the neck by a convenient coordinate transfor- 
mation. Sec. III gcneralizes this metric to the case where there exists an one-kink. The geodesic incomplcteness of 
the resulting metric is removed by Kruskal extension in Sec. IV and in Sec. V we analytically continue the Kruskal 
kink metric into the euclidean regime, discussing the instantons that represent formation of black- hole kinks in anti-de 
Sitter spacetime. We consider the thermal cmission of these black holes and the rclatcd possibility that the kink be 
linked to the formation of closed timelike curves in Sec. VI. Finally, we summarize and conclude in Sec. VII. 



II. SPHERICALLY-SYMMETRIC WORMHOLES IN ANTI-DE SITTER SPACE 

Wormholes in asymptotically anti-de Sitter spacetime were first considered in^ and dcalt with in greater detail 
in*". They correspond to solutions of the euclidean Einstein equations for Hilbert-Einstein gravity with a negative 
cosmological constant, conformally coupled to a massless scalar field. The semiclassical geometry of these wormholes 
is described by the isotropic and homogeneous metric 

ds^ = a{r]f {drf + dQf) , (2.1) 

in which dO,^ is the metric on the unit three-sphere, the scale factor a{r]) is given by 

a{v) = (^) ' ncib^v), (2.2) 

with 6 = (1 -|- 4AM^)^, A is the absolute value of three times the cosmological constant, M an integration constant, 
nc the Jacobian elliptic function, and rj the conformal time f] = J where r is the Robertson-Walker time. 
We note that metric (2.1), (2.2) can also be written in the static, spherically-symmetric form 

ds^=(^l-^ + Ar^^ ' dr^ + r^dnl (2.3) 

where M can be tåken to be the same mass constant as that appearing in the definition of parameter b above, and A 
is renormalized so that it becomes also the same as the cosmological constant in b. 

While it is rather trivial to see that the Robertson-Walker metric given by (2.1) and (2.2) describes the space of a 
wormhole with a neck at a{ri = 0), it is not so obvious to show that the spherically symmetric metric (2.3) describes 

a wormhole. In particular, inspection of (2.3) tells us that there is a singularity at r = (^^) ^ and, therefore, metric 
(2.3) is geodesically incomplete. In what follows, we shall extend this metric so that it, in fact, becomes regular, with 
a neck replacing the singularity. 
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The singularity at r = (%^)^ corresponds to an apparent coordinate singularity, rather than a true curvature 
singularity. It can be avoided by introducing a new coordinate from the definition 



dr 



rd [Inu(r)] 



(2.4) 



i.e: 



ln 



u{r) 



2i 



bA 



arcsin 



in which /x is an arbitrary integration constant and F is the ehiptic integral of the first kind^^ . 
From (2.5) we finally obtain the coordinate transformation 



(2.5) 
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Using (2.6) we transform (2.1) and (2.2) into the asymptotically anti-de Sitter wormhole metric 

2 

/ 'l/h 1 ^ \ / . /h\ /„. \ 1 \ 

ds^ = 



2(6-1) 



A 



6A, fu 
t:— m — 
2 \n 



du" 



(2.6) 



(2.7) 



which is everywhere regular and shows a neck at the arbitrary scale u = /i, i.e.: at r = y as for metric defined by 

(2.1) and (2.2). The metric (2.7) gives the geometry of a regular spherically-symmetric wormhole in an asymptotically 
anti-de Sitter spacetime. 



III. THE TANGHERLINI-ANTI-DE SITTER KINK 

A worth-exploiting feature of metric (2.3) is that it corresponds to the metric of a five-dimensional Tangherlini 
black hole in anti-de Sitter space 

ds^ = _(^_Ml+ Ar^) dT^+[l-^+ Ar^) ' dr^ + r^d^l (3.1) 

at a surface with constant time T = Iq. The relation between (2.3) and (3.1) can be viewed within the context of 

the kink concept* in the foUowing way: the kink extension of metric (3.1) would also be the kink extension of metric 
(2.3), with T = to, corresponding to all possible light conc oricntations which are compatible with the existcncc of onc 
kink, starting with a future-directed light cone orientation whcrc the kinkcd metric should reduce to (2.3) [9]. Thus, 
we will consider metric (2.3) to correspond to a given fixed value of time T in the kink extension of the Tangherlini 
anti-de Sitter metric, or in other words, we wish to find an isometric embedding of the four-dimensional wormhole 
described by metric (2.3), as rcmoved from (3.1), in a spacc which is the kinked extension of (3.1). 
We shall take for the metric that describes a thrcc-spherically symmetric general kink^ 

rfs^ = _ cos 2a [dt^ - dr^) - 2 sin 2adtdr + r^d^l, (3.2) 

where a is the angle of tilt for the light cones. An one-kink is ensured to exist if a is allowed to monotonously increase 
from to 77, starting with a(0) = 0. Then, it can be checked that metric (3.2) converts into (2.3) if we use the 
substitution 

1 / \ ^ 

^^^^=^[-^-^^^) . (3-3) 

with < a < TT, and introduce the change of time variable t + g{r) = to, where to is the arbitrary constant time 
labeling the surface on which metric (2.3) is defined from (3.1), with the function g{r) chosen such that ^ = tan 2a. 
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For future-directed oricntation of light concs, a = 0, time t bccomes also constant and, in fact, metric (3.2) reduces 
to (2.3), as it was pointed out at the beginning of this section. 
Since sin a cannot exceed unity, it foUows that 



^max — 



M 

7x 



1 



A 



with a = (l + AM^) ^ , so that a varies only from to It is worth noticing that the presence of a negative 
cosmological term in the metric makes the asymptotic region r — > oo to vanish, leaving a finite maximum surface at 

= fmax, SO that in this case the kink turns out to be a gravitational topological defect with finite vohimc. 

A complete one-kink with finite volume can only be achieved if we add a second coordinate patch in order to 
describe the other half of the a-interval from | to tt. This extension requires introducing a new time coordinate 
i =t + h{r), where 



h- 



cos 2a 



k = ±1, 



which transforms (3.2) into the standard kinked metric^^ 

ds'^ = - cos2adP - 2kdidr + r^dn|. 



(3.4) 



(3.5) 



For T = to constant, onc can chcck that time i is a function of r alone, and that metric (3.5) converts into metric 
(2.3) by using t ^ to - g{r) + /i(r), (3.3) and (3.4). 



The zeros in the denominator of ^ = (sin2a=F 1)/ cos 2a occur at the two horizons where 



Th =■ 



one per 



patch. For the first patch, the horizon occurs at a = ah = arcsin 



( b-a^ 
\V2{b-l) 



^ and therefore the upper sign (fc = +1) is 



selected so that ^ and h remain well defined and hence the kink is not lost in the transformation from (3.2) to (3.5). 
The horizon in the second patch takes plac;e at o: = a;, + j and therefore the lower sign (fc = — 1) is selected. 

The need for two coordinate patches to describe the complete spacetime of the kink can also be seen by regarding 
the connection between the wormhole and the kink as an embedding; i.e. we visualize the wormhole metric (2.3) as 
rcmoved from Tangherlini spacetime and embedded in the kinked spacetime. The embedding surface should then flare 
outward at r = Vmax and inward at r = rmin, regularly in both cases. The latter requirement comes from the fact 
that the max;imum cross section of the wormhole is finite and its minimum cross section is nonzero, i.e. the wormhole 
should avoid pinching off. 

The metric (3.2) fails to be the metric of such an embedding; for, though time t is a function of r interpretable as 
an embedding function such that dt/dr = —dg /dr = — tan 2a, and hence the rate of embedding 



df^ 



(l - ^ + Ar^) (Ml + Ar) [2 - (i^ - Ar^) 



(^-Ar2)^(l-M^ + ^; 



is positive (i.e. the embedding surface flares outward) at r^ax and negative (i.e. the embedding surface flares inward) 
at rmin-, becomes singular at these extreme regions, so that the wormhole pinches off at the second of them. 

However, if we choose the standard kinked metric (3.5) and, therefore, we take t = tQ — g + hss the embedding 
function, such that 4^ = ^ , then the rate of embedding becomes independent of k and given by 
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M2 



■Ar' 



M2 



Ar 



which is positive at r = r„ 



negative at rmin, 



dP 



4M2 



ar 



= -4 
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and rcgular cvcrywhcrc. Thus, the wormholc turns out to bc conncctiblc to the complcte kinked spacctime with 
metric (3.5) at both extreme surfaces of the wormhole; that is to say, the wormhole (2.3) can be interpreted as a 
kinked boundary in the space with metric (3.5), in each of the two coordinate patches. 

Ahhough still gcodcsically-incomplctc, metric (3.5) will dcscribc the complcte intcrval of the light-conc configura- 
tions running from light cones that point vertically up and out from the finite maximum surface at a = tt, to light 
cones that point vertically up and into the other maximum surface at a = tt, and this is only possible if two coordinate 
patches idcntificd on the minimum surface sd a = ^ are used. 

On the other hand, evcry kink is charactcrized by a topological charge or kink number^. If, as in the case being 
considered, one has an one-kink, the topological charge can be either positive when the light cones rotate away from 
external Observers (that is a black hole in anti-de Sitter space), or negative when the light cones rotate in the opposite 
direction for the case of a white hole in anti-de Sitter space. In the latter case, the sign of the crossed metric component 
gtr in (3.2), or in (3.5), is changed in each coordinate patch. 

A specific characteristic of the considered kink is that, for the real values of the angle a running from to tt, the 
resulting kinked spacetime covers the sector of the original kinkless metric going up to rmax only. One still could cover 
the spacetime up to r = oo by analytically continuing the tilt angle so that a ^ a + iå, allowing it to monotonously 
run first from a = 0, å = +oo, at r = oo, to a = 0, å = 0, at Vmax, along the first corrdinate patch, then to a = tt, 
å = 0, at Tmax, after crossing to the second patch, and finally to a = tt, å = — oo, at r = oo, on the second patch. 
Hcre, the rotation of the light cones over the hypersurfaccs is takcn to occur in the complcx a-plane, and the scctors 
of the original spacetime beyond rmax are covered by monotonous variation of the purely imaginary parameter å. 



IV. KRUSKAL EXTENSION 



The standard kinked metric for black or white holes, 

ds"^ = - cos2adP =F 'ikdtdr + r'^dQl, 

still contains a geodesic incompleteness at the horizon r = rn = (^^) ^ , in each patch. These apparent singularities 
can be removed by using the Kruskal technique^^. In order to achieve the maximally-extended metric, let us introduce 
the general metric 

ds^ = -H{U, V)dUdV + r^d^j, (4.1) 

where 




the constant /? in (4.2)- (4.4) is an adjustable parameter to be chosen such that the unphysical singularity at r = rn 
is removed, and the lower integration limit rmax/fmin accounts for the choices r = rmax and r = rmin, depending on 
whether the first or second patch is being considered. Using (3.3), we obtain for (4.2): 

xA(^(r^-^)(r^ + ^) 



x exp • 



V2(b+l)/c/3 
Vlb 



aret an 



2A 



fc-i 

2A 



(4.5) 
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Eqn. (4.5) would actually have somc constant term coming from the lower integration hmit rmax/fmin- This term 
has been omitted because it is canceled by the similar constant term of the Kruskal coordinate U when forming the 
Kruskal metric. 

Geodesic incompleteness is avoided if we choose 



2A6 



(4.6) 



Hence, we finally obtain for the Kruskal metric 



M6-l)(r2 + ^ 



ds' 



with 



U = Te 



+ r 



x exp 




x exp 



b+1 



aret an 




dUdV + r'^dnl, 



b+1 
6-1 



arctan 



/ 2A 

6TT' 



(4.7) 



(4.8) 



where 



V = T- 



2b 



(4.9) 



i = io(fc) 



2A 



arctan 



/ 2A 



+ 



1 



26 v 2A 



■ln 



1 



(4.10) 



in (4.10) the constant coming from the lower integration limit has been absorbed into the constant term to{k) whose 
value will therefore depend on the coordinate patch we are considering. 

By allowing a to be analytically continued to complex values, and the lower integration limit for the first patch to 
become then infinity, the integration in the expressions for H and U could be performed along the continuous path 
described at the end of Sec. IV, so obtaining a truly anti-de Sitter asymptotic behaviour for the maximally extended 
kinked metric. The rcsulting metric should be compared with the extended asymptotically anti-dc Sitter wormholc 
metric (2.7) which is defined in one coordinate patch only. It can be seen that the form of (4.7) coincides with that of 
the Kruskal extension of the five-dimensional Tangherlini-anti-de Sitter kink and differs from the kinkless counterpart 
of this just by the prcscnce in (4.7) of the sign parameter k. We also note that in the limit A — > 0, (4.7) reduces to 
the kinked fivc-dimensional black hole metric. 

Continuity of the tilt angle also at ^ cnsures the idcntification of the two coordinate patches on the surfacc 
= r min- Such an Identification should be done both on the original physical regions and on the new, nonphysical 
regions created by the Kruskal extension, separately. It gives rise to bridges that connect the maximal surfaces at Vmax 
oi the asymptotically anti-de Sitter regions in the two patches. Any constant time T = io sections of the resulting 
spacetime will then describe four-dimensional wormholes occurring either in the physical or nonphysical regions, whose 

neck is now at r = rmin, rather than r = (^^) ^ , in asymptotic anti-de Sitter space, such as it was announced in the 
Introduction. 

Finally, we can now sce why the studied classical kink cannot be linked to the presencc of closed timelikc curvcs. At 
first glance, it might secm that the above discussed Identification bctwecn the two patches on r = rmm would allow 
us to choose a null geodesic such that it started in a given largest-surface of the original regions and would somehow 
"loop back" through the new regions to finally arrive at its starting point. However, one can easily convince oneself 
that such an itinerary is classically disallowed, since it requires Identification of the two patches also on maximum 
surfaces belonging to a physical and a nonphysical region, respectively (see Fig. 1). 



V. THE INSTANTONS 

Euclidean continuations of the metric that contains one kink must be obtained by using the Wick rotation 
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t ■ 



IT, 



(5.1) 



with t as given in (4.10). Because of time redefinition, the instanton structure is richer tlian in the kinkless case. 
Thus, it will be shown in what follows that the euchdean continuation (5.1) should give rise to metrics which are 
positive definite only if we choose either the usual continuation io — » «to, for r > and k = +1, or the new kinky 
continuation r — > —ip, M — > — i/U, A — > —A, for r < ru and = — 1, where r becomes timeUke and we transform a 
space coordinate into a time coordinate. 

In order to see how this can be, let us consider the new variables^^ y + z = U and y — z = Vm the Kruskal metric 
(4.7), which then becomes: 



ds'^ = -kG{A, M, r){dy'^ - dz'^) + r^rffi^. 



(5.2) 



with 



G(A,M,r) = 



k{b-l) (r2 + ^) 



26r2 



+ r 



x exp 



6-1 



aret an 



/ 2A 



(5.3) 



We have furthermore 



y^-z'^ = kJ{A, M, r) 



(5.4) 



^ = 2fc6e^^ 
y- z 



with 



J(A,M,r) = ^exp 



„ ,5+1 / / 2A 

2W^arctanK/^, 



(5.5) 



(5.6) 



^2 _ k_ 
2b 

a new coordinate ( = iy, or a new coordinate ^ = iz. For the first choice, the metric takes the form 



The singularity at r = would lie on the surfaces y — z^ = This singularity can be avoided by defining either 



ds'^ = kG{A, M, r)(rfC^ - dz'^) + r^rfO^, 

which is positive definite in the patch k = +1 and has the signature - - 
coordinate r is then defined as 



in the patch k 



(5.7) 

-1. The radial 



C'^ + z^ = kJ{A, M, r) 



(5.8) 



On the section on which ( and z are both real, y ^ r > rn = y ^ ~ Y ^ ^ ^ for 

k = —1. Dcfinc the imaginary time by Iq Itq. This continuation Icavcs invariant the form of the metric (5.7) and 
therefore is compatible with the coordinate transformation = iy. Then, from (5.5) we obtain 



z-iC= ^/2b(z^l^C)kie 



ib-. 



(5.9) 



It follows that for this time continuation, tq is periodic with a period 2'Kk/h^ On this nonsingular euclidean 

section (which would correspond to the usual euclidean section for the patch k = +1) to has the character of an 
angular coordinate which would rotate, clockwise about the "axis" r = r/j in patch k = +1, and anti-clockwise about 
the "axis" r = in patch k = —1. 

For the other choice of coordinates, ^ = iz, metric (5.2) takes the form: 



rfs^ = -kG{A, M, r){dy^ + d^^) + r^dO^, 



(5.10) 
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which is dcfinitc positive only in patch k = 
coordinate is defined by 



— 1, and has signaturs - 



- + + in patch k = +1. In this case, the radial 



^^ + y^ = fcJ(A,M,r)P= . (5.11) 



On the scction on which y and ^ are both real, it foUows now > ^ > = y ^X" ^ ~ '^^^'-^ 

y/ < r < rh ioi k = +1. In this case, we can introduce the transformation r = —ip, M = —ifi, A = —A, keeping io 

real. In order for this transformation to be compatible with the coordinate redefinition ^ = iz, it should leave metric 
(5.10) formally unchangcd. This is accomplished by also continuing the line element itseft, ds = —ida, in accordance 
with the introduction of the "tachyonic" mass M = —i/i. Thus, wc have 



y - = y/2b{y'^ + e)ke''y '^"'"^ . (5.12) 

For this kind of time continuation it follows from (5.12) that it is now the lorcntzian time to which is periodic with 

period 2-Kk/h^J^. On this new nonsingular scction would have the charactcr of an angular coordinate which 

would rotate about the "axis" p = 0, clockwise in patch k = +1 and anti-clockwise in patch Å: = — 1. 

In the patch k = +1, the euclidean continuation (5.1) contains both the continuation for time Iq = ifo, where 
the apparent singularity at r = r^, is like the irrelevant singularity at the origin of polar coordinatcs. provided that 

fo/ \J 2ifi\ rcgardcd as an angular variable and is identificd with a period of 27r, and a new continuation r = —ip, 
that also implies the "tachyonic" continuations M = —ip, A = —A, ds = —ida, where the singularity at p = becomes 
again harmless if io/ \J^^^ is regarded as an angular variable with period 2-k. For the patch k = —1, the continuation 
(5.1) leads to the same instantonic sections as for the patch k = +1, but now tg = iTa corresponds to the section 
inside the horizon r = rh, up to r = rmin, and r = —ip, M = —ip, A = —A, ds = —ida define the section outside the 
horizon p = p^, up to p = pmax, with fo and fo rotating, respectively, about r = and ph, anti-clockwise in both 
cases. 

On any (fo,r) plane in the coordinate patch A; = +1 we can define^* the transition amplitude (fo2 | foi) from the 
surface foi to the surface fo2 as given by the action of the first instanton. This action can be expressed as the surface 
area of the circular scctor limited by times føi and fo2 of a circle ccntcred at r = r^, with radius r max- Similarly, 
on the plane {to,p) in patch k = —1, the transition amplitude (fo2 | foi) from the surface <oi to the surface fo2 is 
dominated by the action of the second instanton and is given by the surface area of the sector limited by foi and 
fo2, from p = pmin to p = ph, ou a circle centered at p = 0. An asymptotic observer in the patch would interpret 
these transition amplitudes as providing the probability of the occurrencc in the vacuum state of, respectively, a 
five-dimensional black hole with mass M and a fivc-dimensional white hole with mass p. In the coordinate patch 
k = —1, the observer would obtain the same interpretation, but for a black hole with mass M or a white hole with 
mass p. 



VI. THERMAL EMISSION AND CLOSED TIMELIKE CURVES 

At the end of Sec. IV, we argued that the existence of closed timelike curves (CTCs) in the spacetime under 
consideration is classically disallowed because we cannot identify maximum curves belonging to different coordinate 
patchcs. Howevcr, in what follows wc shall show how such CTCs can still bc present in the semiclassical trcatmcnt. 

The semiclassical regime for kinked spacetimes with event horizons can simply be achieved by considering^ the 
mathematical implications imposed by the fact that time i enters the Kruskal coordinates U, V in the form of the di- 

mensionless exponent ^J'^^ki. Hence, the argument of the logarithm in (4.10) becomes square rooted and, therefore, 

the expression for the time i entering the definition of coordinates U, V should be generalized to^: 



6-1 



t^tg=t + iTrK{l-K)k\/-^^, (6.1) 



where t is given by (4.10) and k — ±1. For k = +1, tg = t, and for k = —1, the points {t — ikny ^3) in each 

patch are actually the points in the same patch obtained by refletion in the bifurcation point U,V = 0, keeping the 
Kruskal metric real and unchanged. 
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Wc note that onc can still recover the standard kink metric (3.5) from the general metric (4.1) if we redefine the 
Kruskal coordinates as foUows: 



J7 = [7 = ±26KJ(A,M,r)e* 



(6.2) 



+ r 



V = V = ±kKe-''y^*% (6.3) 

where 

tc = t + iTTKÅ;^^^, (6.4) 

with i = —Re (/ ta.n2adr). 

This choice leaves the expressions for UV = UV, F, r and the Kruskal metric real and unchanged. For k = —1, 
Eqns. (4.8) and (4.9) become the sign-reversed of (6.2) and (6.3), respectively; i.e.: the points (t — ik'K^J'^^,r,Q.s) 
on the Kruskal diagrams of the two coordinate patches are the points in the new regions for < r < r^ax on the 
same diagrams, obtained by reflecting in the origins of the respcctive J7, V planes, preserving the Kruskal metric real 
and unchanged. This leads to identific;ation of hyperbolae in the new regions for r/j < r < rmax with hyperbolae in 
the original regions for the same values of r. We note that the existence of such identifications in turn amounts to 
both the kind of periodicity required by Hawking thermal radiation^^ in each patch, and the existence of CTCs. 

Using the procedure of Hartle and Hawking^^ to study the evolution of a scalar field along null geodesics that start 
at rmax on the physical regions of the Kruskal diagrams for n = —1, it becomes now quite natural (in particular, 
physical time need not be made complex) to obtain that an observer in the exterior original region of the patch 
k = +1(— 1) will measure an isotropic thermal bath of background radiation with positive(negative) energy, at the 
temperature 

T=^. (6.5) 

/ 2b2A 

\It=t 

This temperature exactly corresponds to the period of the periodic time fo that we obtained for the instantons in 
Sec. V. 

On the other hand, since in the semiclassical description, we can identify maximum surfaces of the physical regions 
with those of the nonphysical regions in each coordinate patch separately, we recover allowance for the null geodesics 
that start at the maximum surface in region 1+ of patch fc = +1 (Fig. 1) to continue propagating on patch k = —1, 
after the maximum surface of region III_ , first through region II_ and then through IV_ , up to the minimum surface 
of the latter new region. Since this surface can be identified with the similar surface in region of patch k = +1, 
the considered null geodesics can thereafter propagate into the region IV+ and, again by quantum Identification of 
maximum surfaces, come back to thcir starting points on the maximum surface of region in patch fc = +1. 

Hence, null geodesics starting from large original regions can still "loop back" to arrive to their starting points, so 
completing a CTC, provided such a CTC is involved at a thermal radiation process preventing any information to 
flow from or to the CTC. Gibbons and Hawking"'^'' have recently suggested the possibility of linking the prescncc of 
kinks to the presence of CTCs. However, Chamblin and Penrose^^ have subsequently shown that CTCs are not a 
classical requirement for kinked spacetimes. Our result therefore fits in with these works, since we obtain that CTCs 
are linked to kinks only when matter traveling through these spacetimes is considered quantum-mechanically. 



VII. CONCLUSION 



In this work, we have constructed the spherically-symmetric spacetime metric describing the geometry of wormholes 
which are asymptotically anti-de Sitter, generalizing this metric to the case where the light cones are allowed to tip over 
on hypersurfaces. By using the kink geometry, a relation between four-dimensional wormholes and five-dimensional 
Tangherlini black holes has been established in the anti-de Sitter background. 

We have seen that at least two coordinate patches are needed for a complete description of the kink. Since the 
presence of an event horizon makes the kink metric geodesically incomplete, we have maximally extended this metric 
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by resorting to the Kruskal technique. On each spacelike slice of the kinked Tangherhni anti-de Sitter space, the 
kinked wormhole results as a bridge between two black holes, one in each patch, at a surface inside the horizon. The 
space of this wormhole can be completely described on the physical regions of the maximal analytical extension. The 
extended kink metric is used to study the instantons that can be associated with the kinked Tangherlini-anti-de Sitter 
black holes. Euclidean continuation of the metrical time of this kink implies both a continuation of the time entering 
the Tangherlini metric and a continuation of the radial coordinate, removing singularity at the origin. 

It has been also shown that the black hole in one coordinate patch emits a thcrmal bath formed by the antiparticles 
to the particles that make up the radiation cmittcd by the hole described in the other patch. Finally, we have also seen 
that, although this spacetime kink does not imply existence of closed timelike curves classically, when the involved 
black holes emit Hawking radiation, the kink is always endowed with the formation of such curves. 
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Figure Legend 

Fig. 1.- Kruskal diagrams for the two coordinate patches of the one-kink anti-de Sitter wormhole spacetime. The 
trajectories for classical geodesics are shown as continuous lines, and the quantum identifications of maximum surfaces 
and the subsequent geodesic trajectories as dashed lines. 
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